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ABSTRACT

A systematic design method for multirate fil-
ters which play an important role in sampling rate
conversion techniques is proposed in this paper.
Purpose of the proposed approach is directed toward
circuit complexity reductions. A circuit complexi-
ty evaluating measure including quantization error
effects is introduced. A transfer function is di-
vided into three factors as follows: P4(z)Pa(z)/
Q(zM)° Optimum characteristics of these factors
are discussed which minimize the above measure.

INTRODUCTION

In digital signal processing systems, sampling
rate conversion techniques which are decimation and
interpolation play an important role, Filters used
in the above field are usually called "multirate
filters" whose input and output signals have dif-
ferent sampling rates [11, [2].

Several design approaches have been reported
13] - [6]. However, design approaches which are
directed toward minimizing the circuit complexity
including quantization error effects have not been

well discussed.

In this paper, a systematic design method is
proposed, which approximate a frequency response in
the mini-max sense [7]. Furthermore, a simultane-
ous frequency and time domain approximation method
based on the algorithm reported by [81 is also pro-
posed. A circuit complexity evaluating measure in=-
cluding quantization error effects is introduced.

A transfer function is divided into the following
three factors, H(z) = P1(z)P2(z)/Q(2M). Optimm
characteristics of these factors are discussed
which minimize the above measure,

TRANSFER FUNCTION AND CIRCUIT CONFIGURATION

Transfer functions for the multirate filters
are classified into the following two categories,
Polyphase Filter [31, [41:

M-1 .
H(z) = % 2B (2", 2= &, 1= 1/1, (1)
i=0

where, fg is a sampling frequency.
Multistage Filter [5], [61:
K-1
H(z) = IT H (z,) (2a)
X=0 k' %k

z = sz, M : positive integer. (2b)

Since each H (2z,) is independently optimized in a
partial frequency band in the multistage filter, a
filter response in a whole frequency range is not
optimized in some sense such as the L_ norm or
mini-max criteria. On the other hand? the poly-
phase filter approach can optimize H(z) over a
whole frequency range [4], For this reason, the
polyphase filter method is basically employed in
this paper.

When H(z) takes a finite jmpulse response
(FIR) form, sub-functions Hi(z )(i=0~M-1) can be
easily obtained merely by decimating the H(z) co-
efficients. Bellanger et al proposed the expanding
method for infinite impulse response (IIR) transfer
functions [4]. This method is called Bellanger's
method here. The transfer function approximation
and expansion procedures in this method are very
simple. However, the poles and zeros, which appear
in the stopband after the transfer function expan-
sion, exactly cancel each other with infinite pre-
cision coefficients, and cause the following prob-
lems.

(i) Exactly cancelled poles and zeros do not con-
tribute to optimize stopband attenuation.

(ii) The cancellation is easily broken by coeffi-
cient quantization, and large stopband attenu-
ation deviations result.

The transfer function form by Eq. (3) is,
therefore, employed to be approximated in the pro-
posed method in order to remove the pole zero loca-
tion constraints (71, [9].

(=) =y . ©)

APPROXIMATION ALGORITHM

The denominator Q(zM) is a periodical func-
tion with a period of fg/M Hz, thus it does not
contribute to optimizing stopband attenuation.
Therefore, the numerator P(z) is used for this pur-
pose, and Q(z") is mainly utilized to optimize
passband amplitude.

The multirate filters are usually narrow band
filters. For instance M values are 14~72 and 4~ 6
for TDM-FDM transmultiplexers [10] and data modems
[11], respectively. This means that a high-order
function must be required for P(z). Furthermore,
zeros located in the passband are required to ap-
proximate a time response, in other words, to
equalize amplitude and phase distortions caused by
q(zM). These zeros are not always located at the
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mirror image positions., Furthermore, taking compu-
tational efficiency into account as described later,
the numerator P(z) is separated into two factors
P1(z) and Py(z) which have linear phase and non-
linear phase characteristics, respectively. P.(z)
consists of the zeros located on the unit circle in
the stopband and is used for optimizing stopband
attenuation. The Py(z) zeros are located in the
passband.

Considering the above discussions, the follow-
ing approximation algorithm is proposed.

Pq(z): Since the order of Pq(z) is usually high,
and the optimum zeros are located on the unit cir-
cle for stopband attenuation realization, a linear
programming method, such as the Remez-exchange
method. [123, can be efficiently applied with short
computing time.

Py(z)/Q(zM)y, P5(z) is utilized for time response
optimization, and Q(zM) ig utilized for the pass-
band amplitude shaping. The simultaneous frequency
and time domain approximation of P,(z)/Q(z") is
carried out through the algorithm reported by [8]
P4(2z) is dealt with as a fixed weighting function.
Since the frequency bands optimized using Pq(z) and
P,(z)/Q(zM) are completely separated, that is the
sfopband and passband, respectively, the global op-
timum solution can be obtained through a few of
iteration steps even though they are independently
optimized.

The proposed design flow chart is shown in
Fig. 1.

CIRCUIT COMPLEXITY EVALUATING MEASURE

Circuit complexity evaluation, taking into
account quantization errors in coefficients and
internal signals, is discussed here. The following
discussions are carried out under the assumptions
of the structure shown in Fig. 2, and of a direct
form for P;{2") and &{zM). Letting Al(z) be the
deviation function of H(z) caused by the coeffi-
cient quantization errors, its maximum value can be
expressed as

. 2 Ny
mgxlAH(eJ“’)|2 =%{}Q(ejm""’?)|2 +Ng -1 (4)

where, A corresponds to the least significant bit
(LsB) ofcoefficient wordlengths, f _ is a cutoff
frequency, N, and N3 are numerator ZBd denominator
orders, respectively. The detailed derivation of
Eq. (4) is given at the end of this section. Ex-
cess cosfficient wordlengths, which correspond to

nguﬁ(e )|, can be expressed as
2
o _ 1, axlaned)]
AW = Zlog,| @zrz) . ’(5)

Furthermore, the filter output roundoff noise,
caused by rounding off multiplier outputs, can be
obtained as

a3 Na-1
Nout =—T%{M]Q(ejMQ+P)]2 + Nn} (6)
where, Ad corresponds to LSB of internal signals.
Excess data wordlengths are expressed as

a_1 Nout
AW :—zlogz{mé%}. (7)
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The following two measures for both single-channel
and multi-channel systems are introduced, taking
the above quantization error effects into account.
Single-channel:

N(1) = (N, + Ny = )G + )W + v, (8)
Multi-channel:
n2) = N+ MN, - 1)}(wg + Aw")(wg + vy (9)

where W and wd are common wordlengths to satisfy
the specified roundoff noise level. The denomina-
tor Q(zM) is employed for each channel.

Proof of Eq. (4)

From the assumption given previously, a trans-

fer function H(z) is expressed as

Np-1

Y az
=0 %
Ng-1 ’
% bpz ™M
n=0

-n

H(z) = by = 1. (10)

Letting Aa_ and Ab_ be quantization errors for a

and b _, respective?y, the transfer function error
n -

AH(z) can be expressed, assuming Aa, and Abn are

very small, and using a first-order approximate

equation as follows:

AP(z)

8H(z) = QW) - H(z)-80(z") (1)
where
Naul
AP(z) = z_o da z (12a)
n=
Ng-1 -
(M) = 5 an M (12b)

AP(z) and AQ(zM) can be statistically evaluated by
Eqs. (13a) and (13b) [13],

. 2
jwy(2 _ A8
[ap(ed®) | =N,

(13a)

2

Mwy 2 _ A
laae™)]? =55, - 1) (13b)
where Aa_ andfAb_ are assumed to be uniformly dis-
tributed in the region [-Ac /2, A /2] and to be
white noise. Since AP(z) Snd AQfzM)are independent
from each other, AH(z) can be estimated by

; AZ( N
IAH(eJN)Izg Tcz.{lq(eg‘\’f“l)l'&’ + lH(ejw)|2(Nd - 2)}3
14

The maxipum Z?Iue of Eq. (14) is determined by
qulQ(eJM“)l . Considering the following relation
and the P1(z) amplitude characteristic

P edw ~
l&tmﬁ ¥ 1, 05wsw, ., (15)

MW | =
la(e?™)]~
which is the passband edge.

|as(e3) [ 2o 22 { = }
rgxlaB(eT) ] e o Jo(Mp)[Z + Ny - 14 (16a)

takes the maximum value at0J=(u+
Therefore, P
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where

|H(e¥+P)| & 1. (16D)
Q. E. D.

CHARACTERISTICS OF THREE FACTORS
TO MINIMIZE (1) AND 7(2)

From Eqs. (8) and (9), %(1) and 7(2) are de-
termined by N , N, and |Q(e3™™P)|™1, ‘heir rela-
tions are given in the following, |Q(eJMi+p)|-1
can be approximately estimated by

. o I osinff(g, - £+ 1a0)
lQ(eJMNFP)l T2 11 s P

i=0 SInfE-(F, - 1, "+ 1A7)] (17a)

where

Af=£§;1_2f°
n

(17v)
and the integer I satisfies the following condition
s A TC
g, - & 4 1ar
sznlfg( c + ﬂ

+p ~1 :
sin{.}.‘;(rc - f,, * I6T)] =1, (17¢)

where, a frequency £‘N+ is a cutoff frequency of
Pj(z), and satisfies fip¢ fip. A frequency f, in-
dicates the lower stopband edge. Furthermore,

Eg, (17a) is approximately expressed as

R I ¢, - fN + iAf
M) |1 oS 240" —
laCe p)l = ill) f, - f4p + 1A ° (18)

Nn is proportional to fs [143,
Nn= Kfs, K: constant. (19)

From this relation, Af by Eq. (17b) becomes
1
Afz=, 2 &f_. (20)

From igs. (18) and (20), |a(e?™*P)|~" is inde-
pendept from M, and is determined only by f , +D
and fip. An example for this relation is sfiown in
Fig. 3, where A+p is

By = 2010g [q(e3™+p) |1, (21)

The P4(z) order N,(11) for the given ffp can be ob-
tained by the design chart compiled by Rabiner et
al [141. |Q(ed™™P)|=1 for the given fl; is also .
estimated using Eq. (18). An example is shown in
Fig., 4, and the Eg. ( 18) efficiency can be confirm-
ed., Using these results, the relation between f?lp
and (1), 7(2) is obtained, and the optimum ¥ to
minimize (1) and 1(2) can be derived. An example
corresponding to Fig. 4 is shown in Fig. 5. From
this figure, the smallest flp becomes the optimum
value,

DESIGN EXAMPLES

Frequency Response Specified
Design parameters are given in Table 1. The
frequency responses designed through the proposed
method is shown in Fig. 6. The results and the

circuit complexities for three methods are listed
in Table 2.
Frequency and Time Responses Specified

Design parameters are listed in Table 3, Mini-
mum mean square error approximation based on the
linear equation method [8], is employed for simul-
taneous passband amplitude and time response approx-
imation. The obtained frequency and time responses
are illustrated in Figs. 7(a) and (b), respectively.
Figure 8 illustrates the resulting pole-zero loca-
tions. Table 4 shows results and circuit complex-
ities for the FIR filter and the proposed approach-
es.

From these results, it is recognized that the
proposed design approach can reduce the circuit
complexities from the conventional methods.

CONCLUSION

A systematic design method for the multirate
filters is proposed. It can reduce the circuit
complexity including quantization error effects
using lower-order transfer functions than that by
the conventional methods. Several design examples
show the proposed approach efficiency.
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Table 1 Design parameters.
Frequency Domain
M 16 fs 64.0 Hz
(0]
n | 80 foe | 1.7HZ
N2 1 fe 2.3Hz
Nd 4 % | O.Hz
d Svopbond anenuation
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N UUU VUW
50 [gee}
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301 04 1
204 o7
o i w20
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Fig. 6 Designed frequency responses.

Table 2 Circuit complexity compar-

ison.
Porameters [FIR Filter | Bellanger's | Propased
[0)

N‘E) ] 240 ”? 8?
Ng - 1 o 7 3
lQE™ere)t™ 1 138.0 18.56
awC bits 4.0 10.6 7.4
Awd bits 4.0 3.7 32
(1) % 100 76.3 426
n@ % 100 143 65.7
Oumidec| 1875| o03e8|  a3ae
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Table 3 Design parameters.

Frequency Domain
M 4 fs | 16.0Hz
Ne | 28 fap | 1.7Hz
(2)
Na 7 fc 2.3Hz
Nd 3 o | 0.4Hz
Time Domain
W
conger ™ 23T,T=Y16 Sec
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Fig. 7 Designed filter responses.
(a) Prequency responses. (b) Time
response.
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Fig. 8 Pole-zero locations.

Table 4 Circuit complexity
ison.

compar-

Parameters |FIR Filter ;’:&?:r
Ny 28
N2 l 3 7
Ng -1 0 2

10l 1 6.46

AwE bits 2.9 5.25

Awd Dbits 29 2.9

n) % 100 79.6

nz) % 100 92.8

6:.%'3"5“. 1.72 1.44




