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ABSTRACT: An optimization method of
activation functions is proposed.
Three typical functions are combined
in hidden layers. Contribution of the
functions 1is evaluated using three
criteria. The useful functions are se-
lected or multiplied in the learning
process. Problems of parity and of
counting 'l1' in bit-patterns can be
solved by the proposed method with
the suitable functions and the
minimum number of hidden units.

I INTRODUCTION

Neural networks (NNs) have power-
ful and flexible performances, such as
self-organization and learning [1],
[2]. However, many points still remain
to be optimized by designers.

One of them is an activation
function. From biological inspire, a

squashing function including a
threshold function and a sigmoid
function, are widely used. Recently,

radial basis functions have been
discussed [2]. However, there are so
many kinds of functions, which can be
used for activation functions.

One method of optimizing activation
functions is to choose an appropriate
function before training the NNs.
However, useful functions are highly
dependent on distribution of the in-
put patterns in an N-dimensional
space. N is the number of dots used in
the patterns.- When N is relatively
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large, it is very difficult to estimate

the distribution of N-dimensional
vectors.

Another method 1is a self-opti-
mization approach. Methods of

self-adjusting the number of hidden
units have been well discussed [3]-[86].
However, discussion on self-optimiza-
tion of activation functions has not
been well done.

This paper concerns the latter
approach. An optimization method is
proposed, which can optimize
activaion functions and minimize the
number of hidden units in multilayer
neural networks applied to pattern
classification. The backpropagation
algorithm [1] is basically used. Effi-
ciency of the proposed method is ex-
amined through computer simulation.

I MULTILAYER NEURAL NETWORK

2.1 Network Structure and Equations

A multilayer neural network is
shown in Fig.1l. A single hidden layer
is used for simplicity in this paper.

Let X, be a pth input pattern with
N-dimensional to be classified.

Xp=[Xp1,Xpz,...,Xpn], 1SP=M (1)

The input and output of the jth

hidden unit are given by
N
Upy = x§1 WisXpr + 6 5 (2)

f(upy) (3)

Vp3y
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Fig.1 Block dla%ram of multilayer
neural network.

wi; and 6 ; are connection weights
from the ith input unit and the offset
unit to the jth hidden unit,
respectively. The offset unit always

outputs '1'. f() is an activation
function. In the output layer, the
same equations are held.
NH
Upk =J§1WJKV:-J + 6 (4)
Vor = f(Upx) (5)

w;x and 6 x are connection weights
from the jth hidden unit and the off-
set unit to the kth output unit, re-
spectively. Ny is the number of the
hidden units.

2.2 Activation Functions in Hidden
Layers

Activation functions in the hidden
layers are optimized. In the pattern
classification, binary targets can be
used. In this case, squashing
functions can be used in the output
layer. This does not limit the
performance of NNs. If some kinds of
activation functions are useful in the
output layer, these functions can be
implemented in the additional hidden
layer instead of the output layer.

I CONDITIONS ON ACTIVATION FUNCTIONS

In order to guarantee stable con-
vergence and calculation of differen-
tial, some conditions should be satis-
fied by activation functions.

3.1 Finite Value Functions

Let x and f() be an input and an
activation function.

y = f(x) (6)

The activation functions should
satisfy the following condition.

| f(x) | <+ for any x (7)

This kind of function is called 'finite
function' in this paper. For example,

the following functions are not
stable in learning.

y = f(x) = x*®, a>0 (8)

y = f(x) = e®**®, a>0 (9)

The reasons of instability caused
by the above functions can be
explained as follows: First, y can
take a large value. In this situation,
connections weights from the hidden
units tend to become very small. This
is unstable combination. Second, in
the training data, the range of x is
rather limited. Therefore, some parts
of the functions are only used.
However, if noise is added, x is easily
expanded. In the expanded range, y
will take a very large value, which
cause unstable response.

3.2 Differential of Activation
Functions

The backpropagation algorithm is a
sort of the gradient methods, which

requires differential of the
activation functions. Therefore, a
possibility of calculating

differential is needed.
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IV COMPOSITE ACTIVATION FUNCTIONS

4.1 Combination of Typical Activation
Functions

In this papér, we propose composite
activation functions, which combine
typical functions in the hidden layer.
One of the typical functions is as-
signed to a subset of hidden units.

4.2 Typical Activation Functions

Useful activation functions are
highly dependent on distribution of
the patterns to be classified in an
N-dimensional space. However, it is
difficult to estimate this
distribution, when N is large.

Therefore, an optimization method,
which selects or multiplies useful
activation functions, is proposed.
This method will be provided in Sec.
V. For this method, typical functions
should be discussed and determined in
advance, taking the conditions given
in Sec.ll into account.

The following three functions are
selected in this paper.

(1) Squashing Function
(2) Radial Basis Function
(3) Periodic Function

Using the first function, the space
can be divided by hyperplanes. The
second can form some isolated
regions. The last can divide the space
into periodical regions. Therefore,
they can play an independent and
important role for space division.

The above three categories include,
for instance, (1) a threshold function
and a sigmoid function, (2) a Gaussian
distributed function and (3) a
sinusoidal function.

4.3 Hyperspace Division by Three
Functions

Examples for the three typical
functions are _shown here.

(1) Sigmoid fun‘ctioqn:
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ai +
-(biu+c,)
e

v = fs(u) = d. (10)

1+
(2) Gaussian distribution function:

-bz(u+cz)® +

vV = fR(U) = aze da (11)

(3) Sinusoidal function:

vV = fp(ll) = 3351n(b3u+C3) + da (12)

a;, bi, c¢; and d; are all constant.
Another functions can be used. How-
ever, the ways of dividing the space
are basically the same. For simplicity,
the above concrete functions are
taken into account.

The input of the jth hidden unit is
given by Eq.(2). The hidden unit hav-
ing one of three functions responds
to the following input regions. Some
basic functions are assumed.

Vei=fs(upy) { > a4,

<a-

Up;>0 s
Up3< 0 g

(13a)
(13b)

Thus, taking Eq.(2) into account,
the space of the input patterns is
divided by the hyperplanes.

ij=fR(upj) { > a4, lup3+c|<0 R (143.)
<a-, |up1+c|>6 R (14b)

The space is divided into the belt
region and the other. If several
hidden units having fr() are combined,
isolated regions can be formed.

VPJ=fP(uDJ){> a +,|up4—(l/2+2n)7z I <0p

n: integer (15a)

< a —,|Up1—(3/2+2n)n’ I <6 p

(15b)

A single fp() divides the space into

the periodic belt region. By combin-

ing several fe(), periodic and isolated

regions are formed.

Thus, these functions can be funda-

mental in dividing the space.

V OPTIMIZATION METHOD

The next step is how to optimize the
activation functions. Selection and



multiplication of useful functions are
employed. Some criteria are also
proposed for evaluating usefulness.

5.1 Evaluation of Useful Functions
Contribution of the activaion func-
tions, equivalently of the corre-
sponding hidden units, are evaluated
based on the following three criteria.

(A) Information from the jth hidden

unit to the output layer < 1I”;>.

]. M NO

Is ='—M"2 P> l WikVey | (16)
pw=] K==1
No is the number of the output units.
- I
Iy = __mjax{I,} (17

(B) Variance of the jth unit output
for all patterns <V~ ;>,

V=2, (Vp3-¥3) (18)
l M

A& =Tp§‘ Vpi (19)
A7

Vi = max{V;} (20)

(C) Correlation between outputs of
the jth and j'th hidden units <Ry ;->.

M
Ajye = "Z_I(VPJ-XJ)(VPJ"XJ‘) (21)
M 2 M 2
BJJ‘ = ¥ (VpJ'KJ) E(VPJ'_!J') (22)
p=1 p=i
7 550=Asy /By '7® (23)
Ryso=1-] 745 | (24)

5.2 Selection Process of Useful
Functions

Stepl: Prepare several hidden units
for three activation functions. The
initial connection weights are set to
small random numbers.
Step2: The NN is
supervised learning,
backpropagation [1].
Step3: After the training converges
to some extent, the contribution of

trained by a
such as the

each hidden unit is examined based on
the three criteria. They ‘are used in a
multiplicative form. That is, if the
following condition is held, then the
jth hidden unit is considered to be
removed or not to be.

C; =14V ;RiminS &
Rimin = m},ll{Ru'}

(25)
(26)

Furthermore, the connection weights
are modified as follows:

(A) If 1°; is the minimum among three
criteria, then the jth hidden unit is
removed. The connection weights are
not changed.

(B) If V°; is the minimum, then the jth
hidden unit is deleted. The connection
weight from the offset unit to the kth
output unit is modified by taking
effects of the removed hidden unit
into account as follows:

Ok=0x+WikVy (27)

(C) When Rjymn is the minimum, the j'th
hidden unit, which provides Rymin, iS
further investigated. If the j'th hid-
den unit is removed for the previous
(A) or (B) reason, the jth hidden unit
can still remain. Otherwise,; the jth or
j'th hidden unit is removed. If V; >
Vi, then the j'th hidden unit is
removed, and vice versa. In the former
case, the connection weights from the
jth hidden unit and the offset unit to
the kth output unit are modified.

Wik = Wik + @ Wik (28)
Ow=0w+Wrwl(Vy - avy) (29)
vir=1l, a =A{V;/V}12 (30)
7yip5-1, a =-{Vy; /3= (31)

Steps 2 and 3 are repeated, and the
hidden units, whose contribution is
low, are gradually decreased.

5.3 Multiplication Process of Useful
Functions

The selection method only removes
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hidden units with less contribution.
Therefore, a relatively large number
of hidden units should be prepared in
order to cover a wide range of pat-
tern classification problems.

In order to save the hidden units,
multiplication of useful hidden units
is employed. A moderate number of
hidden units are prepared. The NN is
trained following the selection
process described above. After the
learning converges to some extent,
the useful functions are investigated
in the same ways. A hidden unit having
the useful function is added. The
connection weights to and from this
unit are determined as average of the
other hidden units in the same group.
The training is continued until the NN
reaches to an equilibrium point.

‘VI COMPUTER SIMULATION AND
DISCUSSIONS

The proposed method is examined
using binary pattern classification.

6.1 Parity Problem

The parity problem is difficult to
be solved by the multilayer NNs with
sigmoid functions trained by the
backpropagation. The distribution of
the even and odd bit-patterns are
mixed together. Especially, when the
number of bits is larger than 6, solv-
ing it is almost impossible from our
experience.

The proposed method is applied to
the 8-bit parity problem. Eight hidden
units are assigned to each function.
Thus, 24 hidden units are prepared in
the initial NN. A sigmoid function is
used in the output unit. The thresh-
old in Eq.(25) & is determined to 0.05.

After the first learning converges
with 1355 iterations, five hidden units
of the sinusoidal function, remain.
After the second learning converges

with 1543 iterations, two hidden units
remain. Finally, a single hidden unit
of the sinusoidal function is selected
after 1544 iterations.

Figure 2 shows relation between the
inputs and outputs of the hidden u-
nits. Table 1 shows relations between
the numbers of 'l1' in the input
patterns and the hidden unit outputs.
This is a unique solution, that is a
globally optimum solution with the
minimum number of hidden unit.

Sin-1
~§ 1 T T
3
005
3
8
8 0 v \ 4
14 12 10 8 6 4 2 0 2 4
Input of unit
Fig.2 Relation between 1nBut and out-
put of hidden unit, having

sinusoidal function.

Table 1 Relations between numbers of
'1l' in bit- patterns and hidden
unit outputs.

Unit No. Output of hidden units
Upper Lower
Sin-1 1, 3, 5, 7 0, 2, 4, 6, 8

6.2 Counting Number of '1' in Bit-
Patterns

This is another interesting problem

to examine activation functions. This
problem is not linearly separable nor
periodic. Several kinds of initial
functions are examined.
(1) The initial hidden units and func-
tions prepared are the same as in
Sec.6.1. The proposed optimization was
carried out. As a result, three
sinusoidal functions and one Gaussian
function are selected.

Relations between the number of '1'
in the input bit-patterns and the
hidden unit outputs are shown in
Fig.3. These relations can be summa-
rized in Table 2. Thus, roles of
dividing the input patterns into the
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categories are effectively shared by
the selected functions.
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Fig.3 Relation between number of '1'
g in bit-patterns and hidden unit
outputs.

Table 2 Relations between numbers of
'1' in input bit-patterns and
hidden unit outputs.

Unit No. Output of hidden units
Upper Lower
Sin-1 0, 2 3,6 1, 4,5, 17, 8
Sin-2 0, 2 4,6 1, 3,5, 7
Sin-3 0,1,3,486,7 25,8
Gauss-1 0,1, 2, 3 5,6, 7, 8

(2) One of three functions is used. Ten
hidden units, having the same func-
tion, are initially set. From the
simulation results, the learning using
the sigmoid function did not

converge. The Gaussian function re-
quires 6 hidden units. The sinusoidal
function requires only four hidden u-
nits. Exactly saying, this problem is
not periodic. However, the periodic
function is still useful.

Relations between the number of '1’
in the bit-patterns and the outputs of
the hidden units are listed in Table 3.

Table 3 Relations between numbers of
'1' in input bit-patterns and
hidden unit outputs.

Unit No. Output of hidden units
Upper Lower
Sin-1 0, 2 3,6, 7 1, 4, 5, 8
Sin-2 0,1, 3, 4,7 2,5, 6
Sin-3 0, 4, 5, 1, 2, 8,17, 8
Sin-4 0,1,5, 6,7 3,4,8

V& CONCLUSIONS

An optimization method of activa-
tion functions has been proposed.
Three typical functions are combined
in the hidden layers. Useful functions
are evaluated using three criteria,
which has been also proposed. The
useful functions are automatically se-
lected and multiplied in the learning
process. The parity problem and the
problem of counting 17 in
bit-patterns have been effectively
solved by the proposed method with
the suitable functions and the
minimum number of hidden units.
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